Rules for integrands of the form (d + e x*) (a + bx* + ¢ x*)°

0. j(d+ex2)q (bx?® +cx*)Pdx whenp ¢z
1. J(d+ex2) (bx*+cx*)Pdx whenp ¢z

d+ex?
1: J—dlx
(bx2+cx“)3/4

Derivation: Trinomial recurrence 2awitha = 0,m=0andn (2p + 1) + 1 == @ composed with trinomial recurrene 5
witha = @

Rule 1.2.2.3.0.1.1:

dx — - +
bx2+cx“)3/4 bcx

0o
o]
x

f d+ex? 2 (cd-be) (bx2+cx*)?*
(

Program code:

Int[(d_+e_.*x_"2)/(b_.*x_"2+c_.*x_"4)"(3/4),x_Symbol] :=
-2% (cxd-bxe) x (bxx"*2+cxx"4) " (1/4) / (bxcxx) + e/cxInt[ (bxx*2+c*x*4)”(1/4) /x*2,x] /;
FreeQ[{b,c,d,e},x]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

2: J(d+ex2) (bx®+cx*)Pdx whenp¢z A p;&—% Abe(2p+1) -cd (4p+3) =0

Derivation: Trinomial recurrence 3awitha = @withbe (np+1) ~-cd (n (2p+1) +1)

Rule1.2.23.0.1.2:I1f p¢ Z A p # —% Abe(2p+1) -cd (4p+3) == 0,then

e (bx2+cxt)P?

f(d+ex2) (bx2+cx4)pdlx —
c(4p+3) X

Program code:

Int[(d_+e_.*x_"2)*(b_.*x_"2+c_.*x_"4)~p_,x_Symbol] :=
ex (bxX"2+CxX"4) ~ (p+1) / (C* (4xp+3) *X) /;
FreeQ[{b,c,d,e,p},x] & & Not[IntegerQ[p]] &&% NeQ[4xp+3,0] &% EqQ[bxex* (2xp+1l) -c*xd* (4xp+3),0]

3: J(d+ex2) (bx*+cx*)Pdx whenp¢z A p#—% Abe(2p+1)-cd(4p+3) #£0

Derivation: Trinomial recurrence 3awitha = 0

Rule1.2.23.0.13:f pgz Ap+ -2 Abe (2p+1) —cd (4p+3) #0,then

e (b X2 +cC x“)p+1

be (2p+1) -cd (4p +3)
c(4p+3)x c (4p+3)

J(d+ex2) (bx2+cx4)pd1x —

Program code:

Int[(d_+e_.*x_"2)*(b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=

J(bxz +cx4)pd1x

ex (bxx*2+cxx*4) ~ (p+1) / (C* (4xp+3) *X) - ((bxex (2xp+1)-cxd* (4xp+3))/ (Cc* (4xp+3))) *Int[ (bxx*2+cxx*4) p,x] /;

FreeQ[{b,c,d,e,p},x] & & Not[IntegerQ[p]] && NeQ[4xp+3,0] && NeQ[bxex (2xp+1) -cxdx (4xp+3) ,0]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

2: J(d+ex2)q (bx? + cx*)Pdx whenp ¢z

Derivation: Piecewise constant extraction

. bx2+c x*)P
Basis: Oy . =

x2P (b+c xz)p

FracPart[p] FracPart[p]

Basis: (b x2+c x4) B <b x2+c x4)

x2 FracPart [p] <b+C X2> FracPart[p] x2 FracPart[p] <b+C Xz) FracPart(p]

Rule 1.2.2.3.0.2: If p ¢ 7z, then

FracPart
(bx*+cx*) racPart[p]

XZ FracPart[p] (b +C Xz) FracPart[p]

j(d+ex2)q (bx*+cx*)Pax — x*P (d+ex?)? (b+cx?)’dx

Program code:

Int[(d_+e_.*x_"2)"q_.*(b_.*x_"2+c_.*x_"4)"~p_,x_Symbol] :=
(bxx~2+cxx”4) ~FracPart [p]/ (x” (2xFracPart[p]) * (b+c*x~2) *FracPart[p]) *Int [Xx" (2xp) *» (d+exx"2) *q* (b+cxx"*2) *p,x] /;
FreeQ[{b,c,d,e,p,q},x] && Not[IntegerQ[p]]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

1. j(d+ex2)q (a+bx2+cx4)pd1x whenb?-4ac=0

X: J‘(d+ex2)q (a+bx®+cx*)Pdx whenb?-4ac=0 Apez

Derivation: Algebraic simplification

1

Basis: If b2 -4 ac == @,thena+bz+czz==:(g+cz)2

Rule1.2.2.2.1.x:If b>-4ac =0 A p € Z,then

b
j(d+ex2)q (a+bx*+cx*)Pdax — ipj.(d+ex2)q (;+cx2)2pdlx
c

Program code:

(* Int[(d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
1/c”pxInt[ (d+exx"2)~qx (b/2+c*x"2) " (2xp),X] /;
FreeQ[{a,b,c,d,e,p,q},x] & & EqQ[b"2-4xaxc,0] && IntegerQ[p] =)

2. J(d+ex2)q (a+bx*+cx*)Pdx whenb?-4ac=0 A p¢z

1: J‘(d+ex2)q (a+bx®+cx*)Pdx whenb?’-4ac=0 Ap¢zZ A 2cd-be=20 Necessary ??

Derivation: Piecewise constant extraction
Basis:If b2-4ac=0 A2cd-be = @,thenax%)—":m

Note:If b>~4ac=0 A 2cd-be=0,thenasbz+cz?= £ (d+ez)’

Rule1.2.2.3.1.2.1:1f b>-4ac=0 Ape¢Z A 2cd-be =0,then



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

p

j(d +e xz)q+2p dx

a+bx2+cx4)

J(d+ex2)q (a+bx2+cx4)pd1x — (
(d+exz)2p

Program code:

Int[(d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(a+b*Xx"2+C*Xx 4) ~p/ (d+exx"2) ~ (2%p) *Int [ (d+e*x2) ~ (q+2*p) ,X] /;
FreeQ[{a,b,c,d,e,p,q},x] & & EqQ[b”"2-4xaxc,0] &% Not[IntegerQ[p]] && EqQ[2xcxd-bxe,0]

2: J(d+ex2)q (a+bx® +cx*)Pdx whenb?-4ac=0 A p¢z

Derivation: Piecewise constant extraction

i 2, 4\P
Basis: If b%> - 4 a ¢ == 0, then o, [abxecxt)’ g

o)
Note: If b2 -4 ac == @,thena+bz+czz==f(§+cz)2

Rule1.2.2.3.1.2.2:1f b>-4ac =0 A p ¢ Z,then

FracP.
(a +bx?+ cx4) rackart [p]

b
J(d+ex2)q (a+bx2+cx4)pd1x — (d+ex2)q [;+cx2)2pd1x

b 2 FracPart [p]
cIntPart [p] (; +c Xz)

Program code:

Int[(d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)" p_,x_Symbol] :=
(a+b*x~2+c*xx"4) ~"FracPart[p]/ (c IntPart[p]* (b/2+c*xx"2)~ (2xFracPart[p])) *Int[ (d+exx"2) q* (b/2+c*x"2) " (2xp),x] /;
FreeQ[{a,b,c,d,e,p,q},x] & & EqQ[b"2-4xaxc,0] && Not[IntegerQ[p]]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

2. J-(dafexz)q (a+bx?+cx?)Pdx whenb?-4ac#0 A cd’-bde+ae?==0

1: J(d+ex2)q (a+bx®+cx*)Pdx whenb?-4ac#0 A cd’-bde+ae’=0 A pez

Derivation: Algebraic simplification

Basis:If cd?-bde+ae?=0,thena+bz+cz?= (d+ez) (3+%)
Rule1.2.23.2.1:1f b2-4ac+0 A cd>-bde+ae?=0 A peZ,then

d e

2\p
J(d+ex2)q (a+bx®+cx*)Pdx — J‘(d+ex2)'°+q (i+ °x ] dx
Program code:

Int[(d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol]
Int[ (d+exx”2)~ (p+q) * (a/d+c/exx"2)"p,x] /;
FreeQ[{a,b,c,d,e,q},x] && NeQ[b”2-4xaxc,0] && EqQ[c*xd*2-bxdxe+axe”2,0] && IntegerQ[p]

Int[(d_+e_.*x_"2)"q_.*(a_+C_.*x_"4)"p_.,x_Symbol]
Int[ (d+exx”2)~ (p+q) * (a/d+c/exx"2)"p,x] /;
FreeQ[{a,c,d,e,q},x] &% EqQ[cxd"2+axe”2,0] && IntegerQ[p]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

2: J(d+ex2)q (a+bx*+cx*)Pdx whenb?-4ac#@ A cd’-bde+ae’=0 Ap¢z

Derivation: Piecewise constant extraction

+bx2+c x4\P
Basis: If cd2 - bde +ae? = @, then g, —22Xext)” o ==
(dvex?)? 2]

Basis: If ¢ d2 -bde+ a3 e2 -9 then <a+b X2+cC X4>P :: (a+b x24c X4>Fr‘acPar‘t[p]
. ) (d+e Xz)P %_F%)P (d+e X2>FracPart[p] <§+ce_xz)Fr‘acPar~t[pr
Rule1.2.2.3.2.2:1f b>-4ac+@ A cd’-bde+ae’?=0 A p¢Z,then

Fracp
(a+bx?+cx?) ™ art(p]

J(d+ex2)q (a+bx2+cx4)pd1x —

2y\p
a cX
J-(d+ex2)p+q [—+ ] dx
2\ FracPart[p]
(d+ex2)FracPart[p] (3 + %) d e

Program code:

Int[(d_+e_.*x_"2)"q_*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(a+bxx*2+cxx”4) *FracPart [p]/ ( (d+exx*2) *FracPart[p] * (a/d+cxx~2/e) ~FracPart[p]) *Int[ (d+exx"2) " (p+q) * (a/d+c/e*x"2)*p,x] /;
FreeQ[{a,b,c,d,e,p,q},x] && NeQ[b”2-4xaxc,0] && EqQ[c*d"2-bxdxe+axe”2,0] && Not[IntegerQ[p]]

Int[ (d_+e_.*x_"2)"q_= (a_+C_.*X_"4)"p_,x_Symbol] :=
(a+cxx*4) ~FracPart[p]/ ((d+exx”2) ~“FracPart[p] * (a/d+cxx"2/e) ~"FracPart[p]) *Int[ (d+exx"2) " (p+q) » (a/d+c/exx"2) " p,x] /;
FreeQ[{a,c,d,e,p,q},x] &% EqQ[c*d"2+axe”2,0] && Not[IntegerQ[p]]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

3. J.(d+ex2)q (a+bx2+cx?)Pdx whenb?-4ac#0 A cd’-bde+ae?#0 A pez*

1: J(d+ex2)q (a+bx®+cx*)Pdx when b>-4ac#@ A cd’-bde+ae’#0 ApezZ*Aq+2€Z*

Derivation: Algebraic expansion

Rule1.2.23.3.1:1f b2-4ac+0 A cd’-bde+ae?+@ ApeZ*ANq+2eZ,then

~J.(d+ex2)q (a+bx*+cx*)Pdax — J-ExpandIntegr'and[(d+ex2)q (a+bx*+cx*)?, x] dx

Program code:

Int[(d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx”"2)~q* (a+b*x"2+c*x"4)*p,x],x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] &% NeQ[c*d"2-bxdxe+axe”2,0] &% IGtQ[p,0] && IGtQ[qg,-2]

Int[(d_+e_.*x_"2)"q_.*(a_+C_.*x_"4)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx”"2)~q* (a+Cc*x"4)"p,x],x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0] && IGtQ[p,0] && IGtQ[q,-2]

2. j(d+ex2)q (a+bx2+cx?)Pdx whenb?-4ac#0 A cd’-bde+ae?#0 ApeZ*Aq<-1

1: J-(d+ex2)q (a+bx*+cx*)Pdx whenb?’-4ac#0@ A cd’-bde+ae’#0 A pez*' A q+§eZ‘A4p+2q+1<0

Derivation: Algebraic expansion and binomial recurrence 3b

x (d+e xz)‘“1

d

Basis:J(d 4 ex2>qdlx = _ & ‘2(;“” sz (d 4 exz)q d x

Note: Interestingly this rule eleminates the constant term of (a+bx?+ cx#)? rather than the highest degree term.

Rule1.2.23.32.1:1f b>-4ac+@ A cd’-bde+ae*+@ ApeZ'Aq+3eZ A4p+2q+1<0,then



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

J.(d+ex2)q (a+bx®+cx*)Pdx —
a"J‘(d+ex2)qdlx+J~x2 (d + e x*) ¥ PolynomialQuotient[ (a + bx* + c x*)? - aP, x?, x] dx —

an(d+ex2)q*1 l ) 2\q . . 2 4\ p p 2 p
_ djx (d+ex?)9 (dPolynomialQuotient[ (a+bx*+cx*)?-aP, x*, x] -eaP (2q+3)) dx

Program code:

Int[(d_+e_.x*x_"2)"q_=(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
arpxxx (d+exx"2)~(q+1) /d +
1/d+Int[x"2x (d+e*x"2) ~qx (dxPolynomialQuotient [ (a+bxX"2+cxXx"4) "p-a”p,Xx"2,x] -exa’px (2xq+3) ) ,x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && IGtQ[p,0] && ILtQ[q+1/2,0] && LtQ[4xp+2xq+1,0]

Int[(d_+e_.x*x_"2)"q_x(a_+C_.*x_"4)"p_.,x_Symbol] :=

a”pxxx (d+exx*2) " (q+1) /d +

1/d+Int[x"2x (d+e*x"2) *qx (d+xPolynomialQuotient[ (a+cxx"4)~p-a”p,x"2,x] -exa’px (2xq+3)),x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0] && IGtQ[p,0] && ILtQ[q+1/2,0] &_& LtQ[4xp+2xq+1,0]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

2: J\(d+ex2)q (a+bx*+cx*)Pdx whenb?’-4ac#0 A cd’-bde+ae’#0 A pez' A q<-1

Derivation: Algebraic expansion and quadratic recurrence 2a

Rule1.2.2.3.3.2.2:1f b>-4ac+0 A cd’-bde+ae?+@ ApeZ°Ag<-1,
let [x] - PolynomialQuotient[(a +bx?+ cx4)p, d+ex?, x]and
R > PolynomialRemainder| (a+bx?+cx*)?, d+ex?, x|, then

J(d+ex2)q (a+bx2+cx4)pd1x —

RJ(d+ex2)qu+JQ[x] (d+ex2)q+ldlx —

Rx(d+ex2)q+1 1

+ J(dafexz)q+1 (2d (q+1) Q[x] +R (2q+3)) dx
2d (q+1) 2d (q+1)

Program code:

Int[(d_+e_.x*x_"2)"q_=(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
With[{Qx=PolynomialQuotient[ (a+bxx"2+c*x"4)p,d+exx"2,x],
R=Coeff [PolynomialRemainder [ (a+bxx"2+c#x"4)"p,d+exx"2,x],X,0] },
-R#x* (d+exx*2)~ (q+1) / (2xd* (q+1)) +
1/ (2*%d* (q+1) ) *Int[ (d+exx”*2) ~ (q+1) *ExpandToSum[2xd* (q+1) *Qx+R* (2xq+3) ,x],X] ] /5
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] &&% NeQ[cxd*2-bxdxe+axe”2,0] && IGtQ[p,0] && LtQ[q,-1]

Int[(d_+e_.*x_"2)"q_=(a_+C_.*X_"4)"p_.,x_Symbol] :=
With[{Qx=PolynomialQuotient[ (a+cxx"4)"p,d+exx"2,X],
R=Coeff [PolynomialRemainder[ (a+cxx"4)~p,d+e*x"2,x],x,0]},
-R#x* (d+exx*2)~ (q+1) / (2xd* (q+1)) +
1/ (2*%d* (q+1) ) *Int[ (d+exx"2) ~ (q+1) *ExpandToSum[2xd (q+1) *Qx+R* (2xq+3) ,x],X] ] /5
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0] && IGtQ[p,0] && LtQ[q,-1]

10



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p 11

3: J(d+ex2)q (a+bx*+cx*)Pdx whenb?’-4ac#@ A cd’-bde+ae’#0 A pez* A q4-1

Reference: G&R 2.110.5, G&R 2.104, G&R 2.160.3, CRC 88a

Derivation: Algebraic expansion and binomial recurrence 3a

Note:lff pez*A q ¢ -1,thendp+2q+1+0.

Rule1.2.23.3.3:1f b2-4ac+0 A cd’-bde+ae?+0@ ApeZ"A g% -1,then

J.(d+ex2)°I (a+bx2+cx4)pdlx —
cpr4p (d+ex2)qdlx+J‘(d+ex2)q ((a+bx®+cx*)?-cPx*?) dx —

cP x4p-1 (d+ex2)q+1 1
+ J\(d+exz)q (e(ap+2q+1) (a+bx*+cx?)P-dcP (4p-1) x*P2-ec? (4p+2q+1) x*P) dx
e(4p+2q+1) e(4p+2q+1)

Program code:

Int[(d_+e_.xx_"2)"q_x*(a_+b_.xx_"2+c_.xx_"4)"p_.,x_Symbol] :=

cApxX” (4xp-1) * (d+exx*2) ~ (q+1) / (ex (Axp+2xq+1)) +

1/ (ex (4xp+2xq+1) ) *Int [ (d+e*xx"2) *qxExpandToSum[ex (4xp+2xq+1) * (a+bxXx*2+Cc*Xx"4) "p-d*xC p*x (4*xp-1) *X" (4xp-2) -e*C px (4*p+2xq+1) X" (4%p) ,X] , X
FreeQ[{a,b,c,d,e,q},x] &% NeQ[b"2-4xaxc,0] & & NeQ[cxd*2-bxdxe+axe”2,0] && IGtQ[p,0] &% Not[LtQ[q,-1]]

Int[(d_+e_.*x_"2)"q_x(a_+C_.*Xx_"4)"p_.,x_Symbol] :=

cApxX” (4xp-1) * (d+exx*2) ~ (q+1) / (ex (Axp+2xq+1)) +

1/ (ex (4xp+2%q+1) ) *Int [ (d+exx"2) *qxExpandToSum[ex (4xp+2xq+1) * (a+CxX 4) *p-d*C px (4*p-1) *X (4xp-2) —exC p* (4xp+2xq+1) *x" (4*p) ,x],X] /;
FreeQ[{a,c,d,e,q},x] & & NeQ[cxd*2+axe”2,0] && IGtQ[p,0] && Not[LtQ[q,-1]]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

(d+ex?2)4
4.\[———————————
a+bx?+cxt
1. (d+ex2)9
ja+bx2+cx

d+ex?

S Porseem
a+bx?2+cx?
d+ex?

B Pyreywer
a+bx?+cx?

d+ex?
dx whenb?-4ac#0 A cd?-ae2==0 A 24_2%

1: J— 2 2d
a+bx?+cx* €

Derivation: Algebraic expansion

dx whenb?-4ac#0 A cd>-bde+ae?#0

dx whenb?-4ac#0 A cd’-bde+ae?#0 A qez

dx whenb?-4ac#0 A cd’-bde+ae?#0

dx whenb?-4ac#0 A cd’>-ae?=0

e2

e2

2
b then —d:ez=_ _.

e 2 2
Basis:If cd“-ae Py

::@andq—) %—

[ |
Rule1.2.2.3.4.1.1.1.1:1f b2-4ac+0 A cd*>-ae?-=-0 % ~b 59 letqo
J d+ex? e 1
—dX —» — dx + —
a+bx?+cx* 2c 2c

Program code:

Int[(d_+e_.x*x_"2)/(a_+b_.*x_"2+c_
With[{q=Rt[2«d/e-b/c,2]},
e/ (2xc) xInt[1/Simp[d/e+qsx+X"2,X],X]| + e/ (2xc)*Int[1/Simp[d/e-q+x+x"2,x],Xx]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && EqQ[cxd*2-axe”2,0] & (GtQ[2xd/e-b/c,0]

.*X_"4) ,x_Symbol] :=

Int[(d_+e_.xx_"2)/(a_+C_.xx_"4),x_Symbol] :=

With[{q=Rt[2+d/e,2]},

e/ (2xc) +Int[1/Simp[d/e+qsx+Xx"2,X],X]| + e/ (2xc)+Int[1/Simp[d/e-q+x+x"2,x]1,x]|] /;
FreeQ[{a,c,d,e},x] &% EqQ[cxd"2-axe”2,0] && PosQ[dxe]

c (d+eqz+ez?)

c (d-eqz+ez?)

|| Not[LtQ[2xd/e-b/c,0]] && EqQ[d-exRt[a/c,2],0])

12



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p 13

d+ex?
2: J dx whenb?-4ac#0 A cd’-ae?=0 Ab>-4ac>0
a+bx?+cx*

Derivation: Algebraic expansion

|
. 2 dre z __ (e 2cd-be 1 e 2cd-be 1
Basis: Letq - 1/b? -4 ac,then —e2— - (£ T ) e (& T ) e

2

Rule1.2.2.3.4.1.1.1.2:1f b>-4ac+0 A cd*>-ae’==0 A b>-4ac>0,letq-Vo2-4ac,then

d+ex? e 2cd-be 1 e 2cd-be 1
_CrEX  ax o [—+ ] d1x+[—— ] dx
a+bx?+cxt 2 2q b_a,cx? 2 2q b g, cx?

2 2 2 2

Program code:

Int[(d_+e_.xx_"2)/(a_+b_.xx_"2+c_.xx_"4),x_Symbol] :=

With[{q=Rt[b*2-4xaxc,2]},

(e/2+ (2xcxd-bxe) / (2xq) ) *Int[1/ (b/2-q/2+c*x*2) ,x] + (e/2-(2xcxd-bxe)/ (2xq))*Int[1/(b/2+q/2+c*x*2),x]] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && EqQ[c*d"2-axe”2,0] && GtQ[b”2-4xaxc,0]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex?
3: J dx whenb?-4ac#0 A cd’-ae?2=0 Ab>-4ac}0
a+bx?+cx*

Derivation: Algebraic expansion

. 2 -
Basis:If cd? - ae? ==Qandg-.[-2¢_b then —d*€z° _ .. _e(a2z) _ , _ e(g:22)
e a+b z2+c z 2cq (S+qz-22) 2cq ($-qz-22)

Rule1.2.2.3.4.1.1.1.3:1f b2 -4ac+ 0@ A cd?-ae?==0 A b>-4acy0,letqs,/-2¢-2 then

d+ex? e q-2x e q+2x
—dx — dx + dx
a+bx?+cx? 2cq 4, qx-x2 2cq d_gx-x2
e e

Program code:

Int[(d_+e_.xx_"2)/(a_+b_.xx_"2+c_.xx_"4),x_Symbol] :=

With[{q=Rt[-2+d/e-b/c,2]},

e/ (2xcxq) +Int | (q-2%x) /Simp[d/e+q*x-x"2,X] sX| + e/ (2xcxq) *Int| (q+2xx) /Simp[d/e-q#x-x"2,X] »x]] 75
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && EqQ[cxd*2-axe”2,0] && Not[GtQ[b"2-4xaxc,0]]

Int[(d_+e_.xx_"2)/(a_+c_.*x_"4),x_Symbol] :=

With[{q=Rt[-2xd/e,2]},

e/ (2xcxq) *Int[ (q-2xx) /Simp[d/e+q»x-x"2,X],X]| + e/ (2xc*q) *Int[ (q+2xx) /Simp[d/e-qxx-x"2,x],x]] /;
FreeQ[{a,c,d,e},x] && EqQ[c*d"2-axe”2,0] && NegQ[dxe]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p 15

d+ex?
2. j—dlx whenb?-4ac#0 A cd’-ae?#0
a+bx?+cx?

d+ex?

1: J dx whenb?-4ac#0 A cd>-ae2#0 A b>-4ac>0
a+bx?+cx*

Derivation: Algebraic expansion

]
H. 2 d+e z [ e 2cd-be 1 e 2cd-be 1
Basis:Letq » /b®> -4 ac,then &2 - <2+ T ) g-gcz+<2 T ) e

Rule1.2.2.3.4.1.1.2.1:1f b>-4ac+0© A cd*>-ae’+0 Ab*>-4ac>0,letq-Vv-4ac,then

d+ex? e 2cd-be 1 e 2cd-be 1
_CrEX ax o [—+ ] d1x+[—— ] dx
a+bx?+cx? 2 2q b_a,cx? 2 2q b,a,cx?

2 2 2 2

+

Program code:

Int[(d_+e_.*x_"2)/(a_+b_.*x_"2+c_.*x_"4),x_Symbol] :=

With[{q=Rt[b*2-4xaxc,2]},

(e/2+(2xcxd-bxe) / (2xq) ) *Int[1/ (b/2-q/2+c*x"2) ,x] + (e/2-(2xcxd-bxe)/ (2xq))*Int[1/(b/2+q/2+c*x"*2),x]] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] &% NeQ[cxd*2-axe”2,0] & PosQ[b"2-4xaxc]

Int[(d_+e_.xx_"2)/(a_+c_.*Xx_"4),x_Symbol] :=

With[{gq=Rt[-axc,2]},

(e/2+cxd/ (2%q) ) *Int[1/ (-q+c*x"2) ,x] + (e/2-cxd/ (2xq))*Int[1/ (q+c*x*2),x]] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"2-axe”2,0] && PosQ[-axc]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex?
2. j—dlx whenb?-4ac#0 A cd’-ae?#0
a+bx?+cx?

d+ex?
1:j dx whencd?+ae?2#0 A cd’-ae?2#0 A -ac$0
a+cx?

Derivation: Algebraic expansion

fee / diez __ dg+ae g+cz dg-ae g-cz
Basis:Letq - ac,then atcz? 2ac a+cz2+ 2ac a+cz?

Note: Resulting integrands are of the form &= where c d? - a e? == @.

Rule1.2.2.3.4.1.1.22.1:If cd®>+ae?+0 A cd*>-ae?+0 A -ac #0,letg— +ac,then
d+ex? dg+ae (q+cx? dg-ae rq-cx?
Ja+cx4d]x_) 2ac ja+cx“dlx+ 2ac Ja+cx4d]x

Program code:

Int[(d_+e_.*x_"2)/(a_+Cc_.*Xx_"4),x_Symbol] :=

With[{gq=Rt[a*c,2]},

(dxq+axe) / (2xaxc) *Int[ (q+c*x"2) / (a+c*xx™4) ,x] + (dxq-axe)/ (2xaxc)*Int[ (q-cxx"2)/ (a+c*x"4),x]1] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"*2+axe”2,0] &% NeQ[cxd*2-axe”2,0] && NegQ[-axc]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex?
2: J dx whenb?-4ac#0 A cd’-bde+ae?#0 A b -4ac30
a+bx?+cx*

Derivation: Algebraic expansion
Basis:If g > /2 andr-.[2q-,then —9:¢2* _ .. _dr-(deayz_, dr:(deqz
’ c ¢’ a+b z2+c z* 2cqr (g-rz+z?) 2cqr (g+rz+z?)

Note:If (a | b | c) eR A b2—4ac<6,then%>0andz\/€_§>a.

Rule1.2.2.3.4.1.1.22.2:1f b>~-4ac+0 A cd’*-bde+ae’#0 A b*-4ac»0,letq—> /2 andr-,[2q4-2,
then

d+ex? 1 dr-(d-eq) x 1 dr+ (d-eq) x
f+—d1x_> J (d-eq) x ix. J rd-ed X g,

a+bx?+cx? 2cqr g-rx+x? 2cqr q+rx+x?

Program code:

Int[(d_+e_.xx_"2)/(a_+b_.xx_"2+c_.xx_"4),x_Symbol] :=

With[{q=Rt[a/c,2]},

With[{r=Rt[2%q-b/c,2]},

1/ (2xcxqxr) *Int[ (dxr- (d-exq) *x) / (q-r*x+x"2) ,x] + 1/ (2xcxqxr) *Int[ (d*r+ (d-exq) *x) / (q+r*x+x"2) ,x]] ] /5
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[c*d"2-bxdxe+axe”2,0] &% NegQ[b”2-4xaxc]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex
2: J dx whenb?-4ac#0 A cd’-bde+ae?#0 A qeZ
a+bx?+cx?

Derivation: Algebraic expansion

Rule1.2.2.3.4.1.2:1f b>-4ac+0 A cd’-bde+ae?+0 A qe zthen

(d+ex?)9 (d+ex?)?
J-— dx — jExpandIntegr‘and[—

,x]dlx
a+bx?+cx?

a+bx?+cx?

Program code:

Int[(d_+e_.xx_"2)"q_/ (a_+b_.xx_"2+c_.xx_"4),x_Symbol] :=
Int [ExpandIntegrand[ (d+e*xx”"2)~q/ (a+b*x"2+c*x"4) ,x]1,x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] &% IntegerQ[q]

Int[(d_+e_.xx_"2)"q_/(a_+C_.*Xx_"4),x_Symbol] :=
Int [ExpandIntegrand[ (d+e%xx”"2)~q/ (a+Cc*x"4) ,x],x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0] && IntegerQ[q]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

(d+ex2)9
2. j dx whenb?-4ac#0 A cd’-bde+ae?#0 A q¢zZ
a+bx?+cx?

d+ex
1: J dx whenb?-4ac#0 A cd>-bde+ae?#0 A q¢Z A q<-1
a+bx?+cx?

Derivation: Algebraic expansion

e 1 e? (d+ez) (cd-be-cez)
. -= +
Basis a+b z+c z2 cd?-bde+ae? (c d’>-bde+a e2) <a+b z+C 22)

Rule1.2.2.3.4.2.1:1f b2-4ac+0 A cd’-bde+ae?+0 Aqe¢Z A g<—1,then

+1
J~ (d+ex?)9 ix a2 f(d+ex2)qdlx+ 1 J~(d+ex2)°I (cd-be-cex?)

a+bx?+cx? cd’-bde+ae? cd’-bde+ae? a+bx?+cx?

Program code:

Int[(d_+e_.xx_"2)"q_/(a_+b_.xx_"2+c_.xx_"4),x_Symbol] :=

e”2/ (cxd"2-bxdxe+axe”2) xInt[ (d+exx*2)~q,x] +

1/ (c*d*2-bxdxe+axe”2) xInt[ (d+exx*2)~ (q+1) * (cxd-bxe-cxexx"2) / (a+b*x*2+cxx"4) ,x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[c*d*2-bxdxe+axe”2,0] &% Not[IntegerQ[q]] && LtQ[qg,-1]

Int[(d_+e_.*x_"2)"q_/ (a_+c_.*Xx_"4),x_Symbol] :=

er2/ (cxd*2+axe”2) xInt[ (d+exx”*2)~q,Xx] +

c/ (cxd*2+axe”2) xInt[ (d+exx"2)  (q+1) » (d-exx"2) / (a+c*xx"4) ,x] /;
FreeQ[{a,c,d,e},x] && NeQ[c*d*2+axe”~2,0] && Not[IntegerQ[q]] && LtQ[q,-1]

dx
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex
2: J dx whenb?-4ac#0 A cd>-bde+ae?#0 A q¢Z A q¢-1
a+bx?+cx?

Derivation: Algebraic expansion

m
ice _ ]l h2 _ 1 __ 2c _ 2c
Basis: If r = b 4ac,then atbz+cz2  r (b-r+2cz) r (b+r+2c z)

Rule1.2.2.3.4.22:1f b2-4ac+0 A cd’>-bde+ae?+0 Aqe¢Z A g+ -1,then
J« (d+ex2)q ix 2¢ (d+ex2)q dlx—z—c (d+ex2)q ax
a+bx?+cx* r b-r+2cx? r b+r+2cx?

Program code:

Int[(d_+e_.x*x_"2)"q_/ (a_+b_.*x_"2+c_.*x_"4),x_Symbol] :=

With[{r=Rt[b”*2-4xaxc,2]},

2xc/r+Int[ (d+exx”2)"q/ (b-r+2xc*x*2),x] - 2xc/rxInt[ (d+exx"2)~q/ (b+r+2xc*xx"2),x1] /;
FreeQ[{a,b,c,d,e,q},x] && NeQ[b”"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & & Not[IntegerQ[q]]

Int[(d_+e_.x*x_"2)"q_/ (a_+C_.*x_"4),x_Symbol] :=

With[{r=Rt[-axc,2]},

-c/ (2*r) *Int[ (d+exx"2) *q/ (r-c*x"2) ,x] - c/ (2xr)*Int[ (d+exx”*2)~*q/ (r+c*x"2),x]] /;
FreeQ[{a,c,d,e,q},x] && NeQ[cxd"2+axe”2,0] && Not[IntegerQ[q]]

5. J(d+ex2) (a+bx®+cx*)Pdx whenb?-4ac#@ A cd’-bde+ae’#0

1: j(d+ex2) (a+bx®+cx*)Pdx when b’ -4ac#0 A cd’-bde+ae’#0 A p>0

Derivation: Trinomial recurrence 1b withm = ©

Rule1.2.2.3.5.1:1f b2-4ac+0 A cd’-bde+ae?+0 A p>0,then

J(d+exz) (a+bx2+cx4)pdlx —



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

x (2bep+cd (4p+3) +ce (4p+1) X*) (a+bx?+cx?)P

c(4p+1) (4p+3) '

2p
c(4p+1) (4p+3)

~J.(Zacd(4p+3) -abe+ (2ace (4p+1) +bcd (4p+3) -b’e (2p+1)) X?) (a+bx2+cx4)p'1dlx

Program code:

Int[(d_+e_.x*x_"2)*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
X* (2xbxexp+Cxdx (4xp+3) +Cxex (4xp+1) *X"2) x (a+b*x*2+cxx"4) *p/ (C* (4*p+1) *x (4*p+3)) +
2xp/ (C* (4xp+1) x (4xp+3) ) *Int [Simp [2xaxcxd* (4%xp+3) —axbxe+ (2xaxCcxex (4xp+1) +bxcxd* (4xp+3) -b 2xex (2xp+1) ) *X*2,X] *
(a+b*x"2+c*x4) ~ (p-1) ,x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] &% GtQ[p,0] && FractionQ[p] && IntegerQ[2xp]

Int[ (d_+e_.*x_"2)*(a_+C_.*x_"4)"~p_,x_Symbol] :=

X* (dx (4%p+3) +€x (4%p+1) *X*2) x (a+C*X"4) *p/ ( (4xp+1) * (4xp+3)) +

2xp/ ((4%p+1) * (4%xp+3) ) *Int [Simp [2xaxdx (4%p+3) + (2xa*xe* (4xp+1) ) *x*2,X] * (a+CxXx*4) * (p-1) ,x] /5
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0] && GtQ[p,0] & FractionQ[p] && IntegerQ[2xp]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

2: J(d+ex2) (a+bx*+cx*)Pdx whenb?-4ac#0@ A cd’-bde+ae?#0 A p<-1

Derivation: Trinomial recurrence 2b withm = ©

Rule1.2.2.35.2:1f b2-4ac+0 A cd>-bde+ae?+0 A p < -1,then

J(d+ex2) (a+bx2+cx4)pd1x —

x (abe-d (b*-2ac) -c (bd-2ae) x?) (a+bx2+cx4)'°+1

2a(p+1) (b*-4ac)
1

J((2p+3)dbz—abe—Zacd(4p+5) +(4p+7) (db-2ae) cx?) (a+bx2+cx4)F’*1d1x
2a(p+1) (b*-4ac)

Program code:

Int[(d_+e_.x*x_"2)*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
X* (axbxe-d* (b*2-2xaxc) -c* (bxd-2xaxe) ¥xx"*2) * (a+b*x*2+c*x*4) ~ (p+1) / (2*a* (p+1) » (b*2-4xaxc)) +
1/ (2%a* (p+1) » (b”2-4xaxc) ) xInt [Simp[ (2%xp+3) *dxb”2-axbxe-2xaxcxdx (4xp+5) + (4xp+7) * (dxb-2xaxe) xC*x"2,X] *
(a+b*x"2+c*x4) ~ (p+1) ,x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] &% NeQ[cxd*2-bxd+e+axe”2,0] && LtQ[p,-1] && IntegerQ[2xp]

Int[ (d_+e_.*x_"2)*(a_+C_.*x_"4)"~p_,x_Symbol] :=

-X* (d+e*Xx”"2) » (a+Cc*X"4) * (p+1) / (4*a* (p+1)) +

1/ (4%ax (p+1)) *xInt [Simp [d* (Axp+5) +ex (4*xp+7) *X*2,X] * (a+CxX*4) * (p+1) ,X] /5
FreeQ[{a,c,d,e},x] &% NeQ[cxd"*2+axe”2,0] && LtQ[p,-1] && IntegerQ[2xp]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex
3. J—dlx whenb?-4ac#0 A cd’-bde+ae?#0
Va+bx?+cx?
d+ex?
1. J dx whenb?-4ac>0

a+bx +ox?

d+ex?
1: J dx whenb?-4ac>0 A c<©
a+bx +cx*

Derivation: Algebraic expansion

Basis:If b2-4ac >0 A c<0,letqg—/b%2-4ac,then
2

\/a+bx2+cx4 ::21F \/—b+q—2cx2

Rule1.2.2.3.5.3.1.1:1f b>-4ac >0 A c<0O,letq— +/b2-4ac,then

d+ex? d+ex?
J—dlx — ZHJ

Va+bx?+cx?

Program code:

Int[ (d_+e_.*x_"2)/Sqrt[a_+b_.*x_"2+c_.*Xx_"4],x_Symbol] :=
With[{q=Rt[b”2-4xaxc,2]},
2xSqrt[-c]*Int[ (d+exx”2) / (Sqrt[b+q+2xc*x*2] *Sqrt[-b+q-2*xc*x*2]),x]1] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0] && LtQ[c,Q]

Int[(d_+e_.xx_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=
With[{gq=Rt[-axc,2]},
Sgrt[-c]*Int[ (d+exx"2) / (Sqrt[q+c*x~2] *Sqrt[q-c*x"*2]),x]] /;
FreeQ[{a,c,d,e},x] && GtQ[a,0] && LtQ[c,Q]

d+ex
2. J—d]x whenb?-4ac>0 A c¢0

Va+bx?+cx*

Vb+q+2cx? V-b+q-2cx?
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex? . b
1. f dx whenb?-4ac>0 A >0 A <0
a+bx +cx*

d+ex?
1: —dlxwhenb2—4ac>0/\—>0A—<0Ae+d ;--0
Va+bx?+cx*

Reference: G&R 3.165.10
Rule1223.53.1.2.1.11f b>-4ac>0 A >0 A 2<0,letqs()5,if e+ dg” == 0, then

d+ex? dxVa+bx?+cx? Va+bx?+cx*
J”————————————-dx —_ - +2d~[ dx
Va+bx?+cx? a(1+9’x) ar2ag’x’+cxt
2 4
d(1+q%x? a+bx—+cxz
dxVa+bx?+cx* ( ) a (1+q*x%) Lo 1 bg?
—_ - + E111pt1cE[2 ArcTan[qx], — - —]
a(1+4q*x?) qVa+bx?+cx* 2 4c

Program code:

Int[(d_+e_.x*x_"2)/Sqrt[a_+b_.*x_"2+c_.x*x_"4],x_Symbol] :=
With[{q=Rt[c/a,4]},
—-d*x*Sqrt[a+b*xx*2+cxx*4]/ (a* (1+q~2xx"2)) +

d*x (1+q72xx"2) *Sqrt[ (a+bxx*2+cxx”4) / (ax (1+9~2xx~2)*2) ]/ (q*Sqrt[a+bxx"*2+cxx"4]) *xE11lipticE[2xArcTan[q*Xx],1/2-bxq”2/ (4xc)] /;

EqQ[e+d%q~2,0]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b*2-4xaxc,0] && GtQ[c/a,0] && LtQ[b/a,0]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex? . b .
2: —dlxwhenbz—4ac>0/\;>0A;<0Ae+d ;#0
Va+bx?+cx?
Derivation: Algebraic expansion

Rule 1.2.2.3.5.3.1.2.1.2:1f b>-4ac >0 A § >0 A g <0,letg— 4/ § ,if e+ dqg # 0,then

d+ex e+dq e 1-qgqx
f—dlx—» J d]x——f—dlx
Va+bx?+cx? q Va+bx?+cx* 97 Va+bx®+cxt

Program code:

Int[ (d_+e_.*x_"2)/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=

With[{q=Rt[c/a,2]1},

(e+dxq) /q*Int[1/Sqrt[a+bxx*2+cxx*4],x] - e/q*Int[ (1-q*x"2)/Sqrt[a+b*xx"2+c*x*4],x] /;
NeQ[e+d*q,0]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0] && GtQ[c/a,0] && LtQ[b/a,0]

d+ex
2. j—dlx whenb?-4ac>0 A a<® A c>0
YVa+bx?+cx?
d+ex?
1: J dx whenb?-4ac>0 A a<® A C>0 A 2cd—e(b—\/b2—4ac)==

a+bx +cx?

Reference: G&R 3.153.2+

|
Rule 1.2.2.3.5.3.1.2.2.1:If b?>-4ac>0 Aa<@ A c>0,letq>/b’>’-4ac,if2cd-e (b-q) =0, then
d+ex? . ex (b+q+2cx?) —ﬂj 2a+ (b-q) x? dx
Va+bx?+cx? 2cVa+bx?+cxt 2€ (a+bx2+cx4)3/2
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

eq 2a+(b-q) xX* 2a+(b+q) xX*
ex (b+q+2cx?) 2a+(b+q) X*
EllipticE[ArcSin

q X
. _ [ 1
2 4 2
2eVasbeed e e [ eeas Y
2 a+ (b+q) x? 2q

b+q

Program code:

Int[(d_+e_.xx_"2)/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
exX* (b+q+2xc*x"2) / (2xc*xSqrt[a+b*x"2+cxx"4]) -
exq*xSqrt[ (2*xa+ (b-q) *x*2) / (2xa+ (b+q) *x"2) ] *Sqrt [ (2*a+ (b+q) *x*2) /q] / (2xcxSqrt [a+bxx*2+cxx*4] xSqrt[a/ (2*a+ (b+q) *x*2) ]) *
EllipticE[ArcSin[x/Sqrt[ (2a+(b+q) »x*2)/(2xq) 1], (b+q) / (2xq) | /;
EqQ[2xcxd-ex (b-q),0]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”"2-4xaxc,0] && LtQ[a,0] && GtQ[c,0]

Int[(d_+e_.xx_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=
With[{q=Rt[-axc,2]},
exX* (q+C*X"2) / (cxSqrt[a+cxx*4]) -
Sqrt[2] xexq*xSqrt[-a+q*x"2] *Sqrt[ (a+gq*x"2) /q]/ (Sqrt[-a]*c*xSqrt[a+c*Xx"4]) *
E1lipticE[ArcSin[x/Sqrt[(a+q#x"2)/(2xq)]11,1/2] /;
EqQ[cd+exq,0] && IntegerQ[ql] /;
FreeQ[{a,c,d,e},x] && LtQ[a,0] && GtQ[c,Q]

Int[(d_+e_.xx_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=
With[{q=Rt[-axc,2]},
exX* (q+C*¥X"2) / (cxSqrt[a+cxx"4]) -
Sqrt[2] xexq*Sqrt[ (a-q*x"2) / (a+q*x"2) ] »Sqrt[ (a+q*x"2) /q]/ (c*Sqrt[a+cxx"4] *Sqrt[a/ (a+q*Xx"2)])
E1lipticE[ArcSin[x/Sqrt[(a+q#x"2)/(2xq)]11,1/2] /;
EqQ[cxd+exq,0]] /;
FreeQ[{a,c,d,e},x] && LtQ[a,0] && GtQ[c,Q]

26



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p 27

d+ex?
2: J dx whenb?-4ac>0 A a<0 A c>0A2cd—e(b—Vb2—4ac)¢0
a+bx +cx?

Derivation: Algebraic expansion

[ ]
Rule1.2.2.3.5.3.1.2.2.2:1f b2-4ac>0 A a<®@ A c>0,letqg-s/b?-4ac,if2cd-e (b-q) # 0,then
2 2cd-e (b- 1 b-q+2cx?
dex_, cd-e( ‘UJ dxs & [Boar2ex® o
Va+bx?+cx* 2c Va+bx?+cx* 2¢J \asbx+cx?
Program code:
Int[(d_+e_.xx_"2)/Sqrt[a_+b_.xx_"2+c_.xx_"4],x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
(2xcxd-ex (b-q) ) / (2%c) *Int[1/Sqrt[a+bxx"2+cxx"4],x] + e/ (2xc) *xInt[ (b-g+2xc*xx"2) /Sqrt[a+bxx"2+cxx"4],x] /;
NeQ[2xcxd-ex (b-q),0]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0] && LtQ[a,0] && GtQ[c,0]
Int[ (d_+e_.*x_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=
With[{gq=Rt[-axc,2]},
(cxd+exq) /cxInt[1/Sqrt[a+cxx*4],x] - e/cxInt[ (q-c*x”2) /Sqrt[a+cxx"4],x] /;
NeQ[cxd+exq,0]] /;
FreeQ[{a,c,d,e},x] && LtQ[a,0] && GtQ[c,Q]
d 2 +1/b%*-4ac
3: J-+—exd1x whenb?-4ac>0 A Ebaz>e
Va+bx?+cx*
Derivation: Algebraic expansion
[ ]

Rule1.2.2.3.5.3.1.2.3:1f b2 -4ac > 0,letq>/b?-4ac,if ;e then



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex? 1
J—dlx - dJ—
Va+bx?+cx?* Va+bx?+cx*

Program code:

Int[(d_+e_.x*x_"2)/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b"2-4xaxc,2]},
d+Int[1/Sqrt[a+bxx*2+c*x*4],x] + exInt[x~2/Sqrt[a+b*x"2+c*x"4],x] /;
PosQ[ (b+q) /a] || PosQ[(b-q)/al]l /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0]

Int[ (d_+e_.*x_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=
d+Int[1/Sqrt[a+c*xx*4],x] + exInt[x"2/Sqrt[a+cxx"4],x] /;
FreeQ[{a,c,d,e},x] && GtQ[-axc,0]

dlx+ej

X2

Va+bx?+cx*

dx

28



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p 29

d+ex? /b2

Va+bx?+cx*
d+ex? o/ b2
Va+bx?+cx?
d+ex? +1/ b2
1: J—dlx whenb?-4ac>0 A @}OA 2cd-e (b+q) ==
Va+bx?+cx?

Reference: G&R 3.153.5+

[ |
Rule1.2.2353.1.2.41.1:1f b>-4ac > @,letq > ~/b*-4ac,if 294 30 A 2cd-e (b+q) = @then
\/ \/ (b*Q)X \/1+ (b-q) X*
d+ex? 2a 2a '
J— dx E111pt1cE Ar‘cSln[ ]
Va+bx?+cx? cVa+bx?+cx* b+q
Program code:
Int[ (d_+e_.*x_"2)/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b"2-4+axc,2]},
-axexRt[-(b+q) / (2*a) ,2] *Sqrt[1+ (b+q) *x"2/ (2%a) ] *Sqrt[1+ (b-q) *x*2/ (2%xa) ]/ (c*Sqrt[a+b*Xx"2+c*X"4]) *
EllipticE [ArcSin [Rt[-(b+q) / (2%xa) ,2] *x], (b-q) / (b+q) ] /5
NegQ[ (b+q) /a] & EqQ[2xcxd-ex (b+q),0] & Not[SimplerSqrtQ[- (b-q)/(2xa),-(b+q)/(2#a)]1]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0]
d 2 2_4ac
2: J\de whenb?-4ac>0 A bﬂbaz}e A2cd-e(b+q) #0
Va+bx?+cxt
Derivation: Algebraic expansion
|

Rule1.2.2.3.5.3.1.2.4.1.2:If b2-4ac > 0,letq—>/b? -4ac,if b—;q $+@ A2cd-e (b+q) # @then



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex? 2cd-e (b+q) 1 e b+q+2cx?
f—dlx—» J dx+ — | — dx
Va+bx?+cx* 2c Va+bx?+cx* 2¢J \asbx+cx?

Program code:

Int[(d_+e_.x*x_"2)/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
(2xcxd-ex (b+q) ) / (2xc) *Int[1/Sqrt[a+b*x"2+c*xx*4],x] + e/ (2xc)*Int[ (b+q+2xc*x”*2) /Sqrt[a+bxx"2+c*x"4],Xx] /;
NegQ[ (b+q) /a] & NeQ[2xcxd-ex (b+q),0] && Not[SimplerSqrtQ[-(b-q)/(2#a),-(b+q)/(2%a)1]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0]

d+ex? NI

Va+bx?+cx?
d+ex? Jbr-
1: j—dlx whenb?-4ac>0 A @}0 A2cd-e(b-q) =
Va+bx?+cx?*

Reference: G&R 3.153.5-

. 2 2 if b-g _
Rule1.2.2.3.53.1.2.42.1:1f b* -4ac >0,letq->/b°-4ac,if 2% »0 A 2cd-e (b-q) = 0then

1+ (bq)x 1+ (b+q) X2
d+ex? 2 2a b+q
— dx E111pt1cE Arc51n[ ]
Va+bx?+cx* cVa+bx?+cx?

Program code:

Int[ (d_+e_.xx_"2)/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
-axexRt[-(b-q) / (2%a) ,2] *Sqrt[1+ (b-q) *xx"2/ (2%a) ] *Sqrt[1+ (b+q) *x*2/ (2xa) ]/ (c*Sqrt[a+b*x"2+c*xX"4]) *
EllipticE[ArcSin[Rt[- (b-q)/ (2#a),2]*X], (b+q)/ (b-q)] /;
NegQ[ (b-q) /a] && EqQ[2xcxd-ex(b-q),0]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex? b2
2:j dlxwhenb2—4ac>a/\@}GAZCd—e(b—q);éa

Va+bx?+cx?

Derivation: Algebraic expansion

| |
Rule1.2.2353.1.2.42.2:1f b>-4ac >0,letq—~/b*-4ac,if 24 x0 A 2cd-e (b-q) #0@then
J- d+ex? dx — 2cd—e(b—q)J- 1 d]x+i b-q+2cx? dx
Va+bx?+cx? 2c Va+bx?+cx? 2¢J Vasbx2+cx

Int[ (d_+e_.*x_"2)/Sqrt[a_+b_.*x_"2+c_.*Xx_"4],x_Symbol] :=

With[{q=Rt[b”"2-4xaxc,2]},

(2xcxd-ex (b-q) ) / (2xc) *Int[1/Sqrt[a+b*xx"2+c*x"4],X] + e/ (2xc) *Int[ (b-q+2xcxx"2) /Sqrt[a+b*x"2+c*x"4],Xx] /;
NegQ[ (b-q) /a] && NeQ[2xcxd-ex (b-q),0]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0]

d+ex?
2. J—dlx whenb?-4aci0

Va+bx?+cx?

d+ex? .
1.J d]xwhenb2—4ac¢0A;>0

Va+bx?+cx*
d+ex? . .
1: —dlxwhenbz-4ac¢e/\;>e/\e+d <=0
Va+bx?+cx?

Reference: G&R 3.165.10

Rule 1.2.2.3.5.3.2.1.1:1f b>-4ac + 0 A < >0,letq- ()5, if e+ d g’ = 0, then
d+ex? dx _dx‘\/a+bxz+cx4 5 d YVa+bx?+cx? dx
J\‘\/a+bx2+cx“ a (1+9*x?) Ja+2aq2x2+cx4



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

2 4

d 1+q2 X2 a+bx2+c2x
dxVa+bx?+cx* ( ) a (14q% %) o 1 bqg?
— - + E111pt1cE[2ArcTan[qx], —-———]
a(1+9¢*x%) qVa+bx?+cx* 2 4c

Program code:

Int[(d_+e_.xx_"2)/Sqrt[a_+b_.*x_"2+c_.x*x_"4],x_Symbol] :=
With[{q=Rt[c/a,4]},
-d*x*Sqrt[a+b*x*2+c*x*4] / (a* (1+q~2xx"2)) +
d* (1+972xx"2) *Sqrt[ (a+bxx*2+cxx”4) / (a* (1+9”2xx~2)*2) 1/ (q*Sqrt[a+bxx"2+c*xx"4]) xE11lipticE[2xArcTan[q*Xx],1/2-bxq”2/ (4%xc)] /;
EqQ[e+d*q"2,0]] /3
FreeQ[{a,b,c,d,e},x] && NeQ[b*2-4xaxc,0] && PosQ[c/a]

Int[(d_+e_.xx_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=
With[{q=Rt[c/a,4]},
-dxx*xSqrt[a+c*xx”4]/ (ax (1+q*2%x"2)) +
d* (1+9~2%x"2) *Sqrt [ (a+c*x"4) / (a* (1+9~2xx"2)*2) ]/ (q*Sqrt[a+c*x”*4]) *xE11lipticE [2«ArcTan[q*Xx],1/2] /;
EqQ[e+d*q"2,0]] /;
FreeQ[{a,c,d,e},x] && PosQ[c/a]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p 33

d+ex? . .
2: —dlxwhenbz—4ac¢0/\;>0/\e+d ;#0
Va+bx?+cx?*

Derivation: Algebraic expansion

Rule1.2.2.3.5.3.2.1.2:1f b?-4ac+0 A £ >0,letq— /< ,if e+dq # 0,then
a a
J~ d+ex? i e+qu~ 1 d]X—SJ 1-qx? dx
Va+bx?+cx? q Va+bx?+cx? 97 Va+rbx2+cxt

Program code:

Int[(d_+e_.xx_"2)/Sqrt[a_+b_.xx_"2+c_.xx_"4],x_Symbol] :=

With[{q=Rt[c/a,2]1},

(e+dxq) /q*Int[1/Sqrt[a+bxx*2+cxx*4],x] - e/q*Int[ (1-q*x"2)/Sqrt[a+b*xx"2+c*x*4],x] /;
NeQ[e+d*q,0]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && PosQ[c/a]

Int[ (d_+e_.*x_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=

With[{q=Rt[c/a,2]},

(e+dxq) /q*Int[1/Sqrt[a+cxx*4],x] - e/q*Int[ (1-q*x"2) /Sqrt[a+cxx"4],x] /;
NeQ[e+d*q,0]1] /;
FreeQ[{a,c,d,e},x] && PosQ[c/a]

d+ex? .
2. J—dlx whenb2—4ac¢0/\ ;}0

Va+bx?+cx*

d+ex? .
1.J d]xwhen;}a

YVa+cx?

d+ex? c
1. | ————dx when £30 A cd’+ae?=0

Va+cx?



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex? .
1: J—dlx when =30 A cd?’+ae?=0 A a>0

Va+cx?

Derivation: Algebraic expansion

ex?

d.[ 1+

Basis:If cd?> +ae? =0 A a > 0,then = . g
\ a+c x? va .f1-2%

d

Rule1.2.2.3.5.3.2.2.1.1.1:If £ + @ A cd’+ae?==0 A a > 0,then

1
d+ex? d t
—_—dx - — | ——
Va+cx? Va .

Program code:

Int[ (d_+e_.*x_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=
d/Sqgrt[a] *Int[Sqrt[1+exx*2/d]/Sqrt[1-exx"2/d],x] /;
FreeQ[{a,c,d,e},x] &% NegQ[c/a] && EqQ[cxd"2+axe”2,0] && GtQ[a,0]

d+ex? .
2: J.—dlx when =30 A cd?’+ae?=0 A a0
Va+cx?

Derivation: Piecewise constant extraction

. 2I.+i
Basis: 5X£ -

a+cx?

Rule12.2.3532.2.1.1.2:1f £ @ A cd*+ae? =0 A a» 0,then



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

1+ —
d+ex? a J d+ex?
—dx — X
Va+cx? Va+cxt \/1 .
L
Program code:

Int[(d_+e_.xx_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=
Sgrt[1l+cxx”4/a]/Sqrt[a+c*x*4] *Int[ (d+exx”"2) /Sqrt[l+cxx*4/a],x] /;
FreeQ[{a,c,d,e},x] && NegQ[c/a] && EgqQ[cxd"2+axe”2,0] && Not[GtQ[a,0]]

d+ex? c
2: | ————dxwhen £30 A cd’+ae?#0

Va+cx?

Derivation: Algebraic expansion

BaSiSZd+ex2 == dJi+e—(1LXZ)'
q q

Rule1.2.2.3.532.2.1.2:1f £ » @ A c d2+ae?+0,letq— /- <, then

d+ex? dg-e 1 e 1+qx?
J\—dlx—) J- ax+—J—

Program code:

Int[(d_+e_.x*x_"2)/Sqrt[a_+c_.*x_"4],x_Symbol] :=

With[{q=Rt[-c/a,2]},

(dxq-e) /q*xInt[1/Sqgrt[a+cxx"4],x] + e/q*Int[ (1+gq*x"2) /Sqrt[a+c*x"4],x]] /;
FreeQ[{a,c,d,e},x] &% NegQ[c/a] && NeQ[cxd*2+axe”2,0]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

d+ex? c
2: J dx whenb?-4ac#0 A Sye
a+bx +cx*

Derivation: Piecewise constant extraction

1+2cx2 \/1 2cx?
b—q b+q
Basis: If \/b%?-4ac, then o J -0
- % Va+b x2+c x4

Rule 1.2.2.3.5.3.2.2.2:1f b>-4ac + 0 A < 3+0,letq - b2 -4 ac,then

2cx?
1+
d+ex \/ b-q ‘”q d+ex?
— dXx —
2 4
Va+bx*+cx Va+bx?+cx? \/ 20 , 202

b+q

Program code:

Int[ (d_+e_.*x_"2)/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
Sqrt[1+2xc*xx”2/ (b-q) 1 *Sqrt[1+2xcxx*2/ (b+q) ]/Sqrt[a+b*x"2+CcxX 4] »
Int[ (d+exx”"2) / (Sqrt[1+2xc*xx”2/ (b-q) ] *Sqrt[1+2xcx*x*2/ (b+q)]),x]1] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NegQ[c/a]

dx
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

4: J(d+ex2) (a+bx2+cx4)pdlx when b2-4ac#0 A cd’-bde+ae?#0

Derivation: Algebraic expansion

Rule1.2.2.3.54:1f b>-4ac+0 A cd*>-bde+ae?+0,then

J(d+ex2) (a+bx®+cx*)Pdx — JExpandIntegr‘and[(d+ex2) (a+bx®+cx*)P, x] dx

Program code:

Int[(d_+e_.x*x_"2)=*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx”"2) x (a+bx*x"2+c*x*4) *p,x],x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0]

Int[(d_+e_.x*x_"2)*(a_+Cc_.*X_"4)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx”"2) x (a+c*xx"4) *p,x],x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"*2+axe”2,0]

37



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

6. J(d+ex2)q (a+bx*+cx*)Pdx whenb?-4ac#0 A cd’-bde+ae’#0 A q-1ez*

(d+ex2)2
X: f—dlx whenb?-4ac#0 A cd’-bde+ae?#0

Va+bx?+cx?

Rule1.2.2.36x:1f b?-4ac+0 A cd®>-bde+ae?+0,then

d 2)2
J&dxq

Va+bx?+cx?
e2xVa+bx?+cx? 2(3cd—be)J d+ex? 4 3cd2—2bde+ae2J 1
+ X -

Program code:

(* Int[(d_+e_.xx_"2)"2/Sqrt[a_+b_.xx_"2+c_.*x_"4],x_Symbol] :=
en2xx*xSqrt[a+bxx*2+cxx*4] / (3*xc) +
2% (3xcxd-bxe) / (3xc) xInt[ (d+exx"2) /Sqrt[a+bxx*2+cxx"4],x] -
(3*cxd*2-2xbxdxe+axe”2) / (3xc) *Int[1/Sqrt[a+bxx*2+cxx*4],x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd*2-bxdxe+axe”2,0] =x)

(* Int[(d_+e_.*x_"2)"2/Sqrt[a_+c_.*x_"4],x_Symbol] :=
er2xxxSqrt[a+cxx™4]/ (3*c) +
2xd*xInt[ (d+exx"2) /Sqrt[a+c*xx"4],Xx] -
(3xcxd*2+axe”2) / (3xc) *xInt[1/Sqrt[a+c*xx"4],x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"2+axe”2,0] =)

(d+ex2)q
X: f—dlx whenb?-4ac#0 A q-2€ez*

Va+bx?+cx?

Rule1.2.2.3.6.x:If b>-4ac+0 A q-2¢ez",then

dx
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

(d+ex2)q
—dx —
Va+bx?+cx*

e?x (d+ex?)?Vas+bx®+cx*  2(q-1) (3cd_be)J~ (d+ex?)? 4
+ X -

c(2q-1) c(2gq-1) “/a+bx2+cx4
(2q9-3) (3cd’-2bde+ae?) (d+ex2)q‘2 2d (q-2) (cd’-bde+ae?) (d+ex2)q’3
dx + \I
¢ (2a-1) e ¢ 2a-1) vy

Program code:

(* Int[(d_+e_.*x_"2)"q_/Sqrt[a_+b_.xx_"2+c_.*x_"4],x_Symbol] :=
er2xxx (d+exx"2)~ (q-2) *Sqrt[a+b*x"2+c*x"4] / (c* (2%q-1)) +
2% (gq-1) * (3xcxd-bxe) / (c* (2xq-1) ) *Int[ (d+exx"2)~ (q-1) /Sqrt[a+b*x*2+c*x"4],x] -
(2%xq-3) * (3xc*xd*2-2xbxdxe+axe”2) / (c*x (2xq-1) ) *Int[ (d+exx"2)~ (q-2) /Sqrt[a+b*x*2+c*x"*4],Xx] +
2xd* (q-2) * (cxd*2-bxdxe+axe”2) / (c* (2xq-1) ) *Int [ (d+exx"2)~ (gq-3) /Sqrt[a+b*x*2+cxx"4],x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && IGtQ[q,2] *)

(» Int[(d_+e_.xx_"2)"q_/Sqrt[a_+c_.*x_"4],x_Symbol] :=
er2xxx (d+exx"2)~ (gq-2) *Sqrt[a+c*x*4]/ (cx (2xq-1)) +
6+dx (q-1) / (2#q-1) *Int [ (d+exx"2) ~ (q-1) /Sqrt[a+c*x 4] ,X] -
(2%q-3) * (3xcxd*2+a*xe”2) / (cx (2xq-1) ) *Int [ (d+exx"2)~(q-2) /Sqrt[a+c*x"4],x] +
2xd* (q-2) * (cxd*2+axe”2) / (cx (2xq-1) ) *Int [ (d+exx"2)~(q-3) /Sqrt[a+c*x"4],x] /;
FreeQ[{a,c,d,e},x] && IGtQ[q,2] =)

1: J‘(d+ex2)q (a+bx®+cx*)?dx whenb?-4ac#0 A cd’-bde+ae’#@ A q-1ez" Ap<-1

Derivation: Algebraic expansion and trinomial recurrence 2b

Rule1.2.2.3.6.1:1f b>-4ac+0 A cd’-bde+ae?+0Aqg-1ez" A p< -1,
let Qq 2 [xz} - PolynomialQuotient [ (d+ex?)9, a+bx?+cx?, x] and
f+gx?o PolynomialRemainder‘[ (d+ex?) 9 a+bx?+cx?, x},then

J(d+ex2)q (a+bx2+cx4)pd1x —

dx
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

J(f"gxz) (a+bx2+cx4)pdx+jQq_2[x2] (a+bx?+cx*)P dx —

x(a+bx2+cx“)p+1 (abg-f (b*-2ac)-c(bf-2ag)x?) 1

+ J(a+bx2+cx4)p*1«

2a(p+1) (b*-4ac) 2a(p+1) (b*-4ac)
(2a(p+1) (b®-4ac)Qq2[x*] +b*f (2p+3) -2acf (4p+5)-abg+c (4p+7) (bf-2ag) x*dx

Program code:

Int[(d_+e_.xx_"2)"q_x*(a_+b_.xx_"2+c_.xx_"4)"p_,x_Symbol] :=

With[{f=Coeff [PolynomialRemainder [ (d+exx"2)"q,a+b*x"2+c+x"4,X],X,0],

g=Coeff[PolynomialRemainder [ (d+e+Xx"2)~q,a+b*x"2+c*x"4,x1,X,2]},
X* (a+b*X"2+CxX"4) ~ (p+1) * (a*b*g—f* (b*r2-2xaxc) -C* (b*f—2*a*g) *X"Z)/(Z*a* (p+1) = (b"2-4xaxc)) +
1/ (2*a* (p+1) * (b”2-4xaxc) ) xInt [ (a+b*x"2+cxx"4) ~ (p+1) =
ExpandToSum [z*a* (p+1) * (b*2-4xaxc) xPolynomialQuotient [ (d+exx"2)~q,a+b*x"2+c*x"4,X] +
b"2xfx (2%p+3) -2xaxCxf* (4xp+5) —axbxg+Cx (4xp+7) * (b*'F—Z*a*g) *X"Z,X] ,X] ] /3

FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && IGtQ[q,1] && LtQ[p,-1]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

2: J(d+ex2)q (a+bx*+cx*)Pdx whenb?’-4ac#@ A cd’-bde+ae’#0 Aq-1ezZ'Ap¢-1

Derivation: Algebraic expansion and
Note: This rule reduces the degree of the polynomial factor (¢+ex?)?in the resulting integrand.

Rule:1.2.2.3.6.2:1f b2-4ac+0 A cd*>-bde+ae?+@ Aq-1cZ*A p ¢« -1,then

J(d+ex2)q (a+bx2+cx4)pd1x —
J-((d"exz)q‘eqxzq) (a+bxz+cx4)pdx+eqszq (a+bx*+cx?)Pdx —

_ 1
e"xzqg'(a+bx2+cx4)p+ 1

+ J(a+bx2+cx4)po
cC(4p+2q+1) cC(4p+2q+1)
(c(ap+2q+1) (d+ex?)?-a(2q-3)e'x*¥*-b (2p+2q-1) e9x*%?-c (4p+2q+1) e x*%) dx

Program code:

Int[(d_+e_.x*x_"2)"q_=(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
ergxx” (2xq-3) * (a+bx*x”2+cxx*4) ~ (p+1) / (c* (4xp+2xq+1)) +
1/ (c* (4*xp+2xq+1) ) *Int [ (a+b*x"2+cxx"4) *p*
ExpandToSum[cx (4xp+2xq+1) * (d+e*xx"2) *q-ax* (2xq-3) *e qxXx” (2xq-4) -bx (2xp+2xq-1) xe*q*x”" (2xq-2) -C* (4xp+2*xq+1) xe*q*x”" (2xq) ,x],X] /;
FreeQ[{a,b,c,d,e,p},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & IGtQ[qg,1]

Int[(d_+e_.*x_"2)"q_=(a_+C_.*Xx_"4)"p_,x_Symbol] :=
enrqxX” (2%q-3) * (a+CxX 4) A (p+1) / (C* (4xp+2+q+1)) +
1/ (c* (4*xp+2xq+1) ) *Int[ (a+c*x"4) *p*
ExpandToSum[cx (4%p+2xq+1) * (d+exx"2) *q-a* (2xq-3) xe”q*X” (2xq-4) -C* (4*xp+2+q+1) xe q+x" (2xq) ,x],Xx] /;
FreeQ[{a,c,d,e,p},x] && NeQ[cxd"2+axe”2,0] && IGtQ[q,1]

7. J-(d+ex2)q (a+bx*+cx*)Pdx whenb?-4ac#@ A cd’-bde+ae?#0 A p+%ez AQqQezZ”
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

4\p

a+bx +CX 1
1. J dlxwhenbz—4ac¢0/\cdz—bde+ae2¢eAp+;eZ
d+ex?

p

. J~(a+bx2+cx4)

dx whenb?-4ac#0 A cd’-bde+ae?#0 Ap+Ltez*
d+ex? 2

Derivation: Algebraic expansion

Basis: asbx?+cx* __ _cd-becex?  cd’bde+ae?

d+e x? e? e? (d+e x2)

Rule1.2.2.3.7.1:1f b>-4ac+0 A cd*-bde+ae®>+0 A p+%ez*,then

p-1

dx

J(a+bx2+cx4)p

cd’-bde+ae? (a+bx2+cx4)
d+ex? J

1
dx — -—J(cd—be—cexz) (a+bx2+cx4)p'1dlx+
2

2

e d+ex?

Program code:

Int[ (a_+b_.*x_"2+c_.*x_"4)"p_/ (d_+e_.xx_"2),x_Symbol] :=

-1/e”2xInt[ (cxd-bxe-cxexx"2) x (a+bxx"2+cxx"4) " (p-1) ,x] +

(cxd*2-bxdxe+axe”2) /e*2xInt[ (a+bxx*2+cxx”4) ~ (p-1) / (d+e*xx"2) ,x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[c*d*2-bxdxe+axe”2,0] &% IGtQ[p+1/2,0]

Int[ (a_+c_.*x_"4)"p_/ (d_+e_.xx_"2),x_Symbol] :=
-1/e72xInt[ (cxd-cxexx”"2) x (a+Cxx*4)~ (p-1) ,x] +
(cxd*2+axe”2) /e”2xInt[ (a+cxx”4)~(p-1) / (d+exx"2) ,x] /;

FreeQ[{a,c,d,e},x] && NeQ[cxd"2+axe”2,0] && IGtQ[p+1/2,0]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

" J«(a+bx2+cx4)p

dx whenb?-4ac#0 A cd®-bde+ae’#0 A p- ez

d+ex?
1
1.J dx whenb?-4ac#0 A cd>-bde+ae?#0
(d+ex?*) Va+bx*+cx?
1
1:J dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd’>-ae?=0
(d+ex?) Va+bx?+cx®

Derivation: Algebraic expansion

Basis: —1— .. L , —dex

d+e x? 2d  2d (d+ex?)

Rule1.2.2.3.7.2.1.1:If b>-4ac+0@ A cd*>-bde+ae?+0 A cd?-ae?=0,then

J 1 1 1J d-ex?
dX —» — | ———dx + — dx
(d+ex2)\/a+bx2+cx4 2dJ \[3ibx2+cx 2d (d+ex2)\/a+bx2+cx4

Program code:

Int[1/ ((d_+e_.*x_"2)*Sqrt[a_+b_.*x_"2+c_.*x_"4]) ,x_Symbol] :=
1/ (2%d) *Int[1/Sqrt[a+b*x"2+c*x*4],Xx] + 1/ (2%d) *Int[ (d-e*xx"2)/ ((d+exx”"2)xSqrt[a+b*x*2+c*xx"4]),x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] &&% NeQ[cxd*2-bxdxe+axe”2,0] && EqQ[cxd"2-axe”2,0]

Int[1/ ((d_+e_.*x_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
1/ (2%d) *Int[1/Sqrt[a+c*x”4],x] + 1/ (2xd) *Int[ (d-exx"2)/ ((d+exx"2) xSqrt[a+c*x*4]),x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"2+axe”2,0] && EqQ[cxd"2-axe”2,0]

1
Z.J dx whenb?-4ac#0 A cd’>-bde+ae?#0 A cd>-ae?#0
(d+ex2)

Va+bx?+cx?

1
1.J dx whenb?-4ac>0 A cd’-bde+ae?#0 A cd>-ae?+0
(d+ex?)

Va+bx?+cx?
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

1
1:J~ dx whenb?-4ac>0 A c<©
(d+ex?) Va+bx?+cx?

Derivation: Algebraic expansion

Basis:If b2-4ac >0 A c<0,letqg—>/b%2-4ac,then

\/a+bx2+cx4 - 2% \/b+q+2cx2 \/—b+q—2cx2

Rule1.2.2.3.7.2.1.2.1.1:1f b2-4ac >0 A c < ©Q,letqg >/ b?>-4ac,then

1 1
J le—)ZV—CJ
(d+ex*) Va+bx*+cx? (d+ex2)\/b+q+2cx2 V-b+q-2cx?

Program code:

Int[1/((d_+e_.*x_"2)*Sqrt[a_+b_.*x_"2+c_.*x_"4]) ,x_Symbol] :=
With[{q=Rt[b”2-4xa*c,2]},
2xSqrt[-c]*Int[1/ ( (d+e*x"2) *Sqrt [b+q+2xc*xx"2] *Sqrt[-b+q-2xc*xx"2]),x]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0] && LtQ[c,0]

Int[1/((d_+e_.*x_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[-a*c,2]},
Sqrt[-c]*Int[1/ ((d+exx”"2) *Sqrt[q+c*x*2] »Sqrt[q-c*x"2]),x]] /;
FreeQ[{a,c,d,e},x] && GtQ[a,0] && LtQ[c,0]

dx
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

1
Z:J dx whenb?-4ac>0 A c¢0
(d+ex?) Va+bx?+cx?

Derivation: Algebraic expansion

. e (b-g+2 c x?
Basis: —— == 2¢ - (- )
d+e x 2cd-e (b-q) (2cd-e (b-q)) (d+ex?)

Rule1.2.2.3.7.2.1.2.1.2:1f b2-4ac >0 A c £ 0,letqg > \/b?> -4 ac,then

J 1 2c¢ 1 e b-q+2cx?
dx — J dx - dx
(d+ex2)\/a+bx2+cx4 2cd-e(b-a) J /3 px2+cxt 2cd-e (b-q) (d+ex2)\/a+bx2+cx4

Program code:

Int[1/ ((d_+e_.*x_"2)*Sqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=

With[{q=Rt[b*2-4*a%c,2]},

2xc/ (2xcxd-ex (b-q) ) *Int[1/Sqrt[a+bxx"2+c*x*4],x] - e/ (2xcxd-ex (b-q)) *Int[ (b-q+2xc*x”"2) / ( (d+exx"2) xSqrt[a+b*xx"2+c*x*4]),x]] /;
FreeQ[{a,b,c,d,e},x] && GtQ[b”2-4xaxc,0] && Not[LtQ[c,0]]

Int[1/((d_+e_.*x_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=

With[{gq=Rt[-axc,2]},

c/ (cxd+exq) *xInt[1/Sqrt[a+c*x™4],x] + e/ (cxd+exq) *Int[ (q-c*x"2) / ((d+exx"2) xSqrt[a+cxx*4]),x]] /;
FreeQ[{a,c,d,e},x] && GtQ[-axc,0] && Not[LtQ[c,0]]

45



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

1
Z.J dx whenb?-4ac#0 A cd>-bde+ae?#0 A cd>-ae?+0
(d+ex?) Va+bx*+cx?
1 C
1: dx whenb?-4ac#0 A cd’-bde+ae?2#0 A cd>-ae?2#0 A =>0
(d+ex2)\/a+bx2+cx4

Derivation: Algebraic expansion

Rule1.2.2.3.7.2.1.2.2.1:1f b>’-4ac+0 A cd’>-bde+ae?+0 A cd*>-ae?+0 A < >0,letq- ./ <, then

1 cd+ae 1 ae(e+d 1+ qx?
dx — 3 ZJ dx - (2 (:) g dx
(d+ex?) Va+bx?+cx? cd®-ae’ J \[3 px?+cx cd®-ae (d+ex?) Va+bx?+cx*

Program code:

Int[1/ ((d_+e_.*x_"2)*Sqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[c/a,2]},
(cxd+axexq) / (cxd”2-axe”2) xInt[1/Sqrt[a+b*xx"2+c*x*4],x] -
(axex (e+d*q) ) / (cxd*2-axe”2) *Int[ (1+q*x”"2) / ( (d+exx"2) xSqrt[a+b*xx"2+c*x*4]),x]] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & & NeQ[cxd"2-axe”2,0] && PosQ[c/a]

Int[1/((d_+e_.*x_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[c/a,2]},
(cxd+axexq) / (cxd*2-axe”2) xInt[1/Sqrt[a+cxx”4],x] -
(axex (e+d*q) ) / (cxd™2-axe”2) xInt[ (1+q*x”"2) / ( (d+exx"2) xSqrt[a+c*xx"4]),x]] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"*2+axe”2,0] && NeQ[cxd*2-axe”2,0] && PosQ[c/a]

Va+bx?+cx*

1
2. J dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd’-ae?#0 A 5}0
(d+ex2)

1
1.J dlxwheng}a
(d+ex?) Va+cx?



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

1
1:J\ dwaniieAa>e
(d+ex?) Va+cx?

Rule 1.2.2.3.7.2.1.2.2.2.1.1: If g » 0 A a>0,letqs (-£)¥, then

1 1 e
J dx — EllipticPi[——z, ArcSin[qx], -1]
(d+ex?) dq

Va+cx? dV;q

Program code:

Int[1/((d_+e_.*x_"2)*xSqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[-c/a,4]},
1/ (d«Sqrt[a]+q) *E1lipticPi[-e/ (d«q~2),ArcSin[qx],-1]] /;
FreeQ[{a,c,d,e},x] && NegQ[c/a] && GtQ[a,0]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

1
Z:J\ dlxwheni}e/\aie
(d+ex?) Va+cx?

Derivation: Piecewise constant extraction

a+cx*
. a
Basis: Oy —— ==

a+c x4
Rule 1.2.2.3.7.1.2.2.2.1.2: If ¢ S O A ayo,

then

1
J(d+ex2)\/a+cx4 Va+cx* J

Program code:

dx

d+ex

Int[1/ ((d_+e_.*x_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
Sqrt[l+cxx”4/a] /Sqrt[a+cxx*4]xInt[1/ ( (d+exx"2) xSqrt[1l+cxx”4/a]l),x] /;

FreeQ[{a,c,d,e},x] && NegQ[c/a] && Not[GtQ[a,0]]

2-J L
(d+ex?*) Va+bx*+cx?

Derivation: Piecewise constant extraction

dx whenb?-4ac#0 A §}0

\/1 2cx \/ 2cx?

. b—q b+q

Basis: Let q»Vb?-4ac, then Oy =0
Va+b x%+c x*

Rule 1.2.2.3.7.1.2.2.2.2:1f b2-4ac + 0 A

§}9,letqe\/b2—4ac,then

48



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

dx — dx
Va+bx?+cx* Va+bx?+cx?
(d+exﬂ 1 2ex 1+lg¢

b-q

1+2cx2 1+2cx2
J 1 b-q b+q 1
(d+ex?)

b+q

Program code:

Int[1/((d_+e_.*x_"2)*Sqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
Sgrt[1+2xc*x”2/ (b-q) ] *Sqrt[1+2xcxx~2/ (b+q) ]/Sqrt[a+b*x"2+c*x"4] *
Int[1/ ( (d+exx~2) xSqrt[1+2xc+x"2/ (b-q) ] *Sqrt[1+2+c*x~2/ (b+q)1),x]] /3
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NegQ[c/a]

p

(a+bx*+cx?) )
2: J. dlxwhenb2—4ac¢0/\cdz—bde+ae2;&0Ap+;eZ‘
d+ex?

Derivation: Algebraic expansion

1 __ cdbecex? e? (a+b x?+c x*)
d+ex* ~ cd’>-bderae’  (cd?-bde+ae?) (d+ex?)

Basis:

Rule1.2.2.3.7.2.2:1f b2-4ac+0 A cd*>-bde+ae?+0 A p+ % e Z~,then

P 1 e

2 (a+bx2+cx4)

(a+bx2+cx4)
j—dlx — —J(cd—be—cexz) (a+bx2+cx4)pd1x+
d+ex? cd’-bde+ae?

Program code:

Int[ (a_+b_.*x_"2+c_.*x_"4)"p_/ (d_+e_.*x_"2),x_Symbol] :=

1/ (c*d*2-bxdxe+axe”2) xInt[ (cxd-bxe-cxexx"2) x (a+b*x"2+c*x"4) *p,x] +

e”r2/ (cxd*2-bxdxe+axe”2) xInt [ (a+b*x*2+c*x*4) ~ (p+1) / (d+exx”"2) ,x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[c*d*2-bxdxe+axe”2,0] &% ILtQ[p+1/2,0]

cdz—bde+aezj d+ex?
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

Int[ (a_+c_.*x_"4)"p_/ (d_+e_.xx_"2),x_Symbol] :=
1/ (cxd*2+axe”2) xInt[ (cxd-cxexx"2) x (a+C*x"4) *p,x] +
e”2/ (cxd”2+axe”2) xInt[ (a+cxx”4)~ (p+1) / (d+exx"2) ,x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"2+axe”2,0] && ILtQ[p+1/2,0]

2. J(d+ex2)q (a+bx®+cx*)Pdx whenb?>-4ac#0 A cd®>-bde+ae?#0 A p+§ez AQq+lez”

(d+ex?)?
1: J—dlx whenb?-4ac#0 A q+lezZ"

Va+bx?+cx?
Rule1.2.2.3.7.2.1:1f b>-4ac+0 A g+1 ez ,then
J\ (d+ex?)?
— _dx —
Va+bx?+cx*

1
e?x (d+ex?)" Va+bx?+cx?

- +

2d (q+1) (cd’-bde+ae?)

1 1
j (d+ex2)q+1 (ae® (2q+3) +2d (cd-be) (q+1) -2e (cd (q+1) -be (q+2)) X’ +ce? (2q+5) x*) dx
—bde+ae2)

2d (q+1) (cd2 Varbx?+cx?

Program code:

Int[(d_+e_.x*x_"2)"q_/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
-e"2xxx (d+exx"2) ~ (q+1) *Sqrt[a+bxx"2+c*x"4] / (2%d* (q+1) » (cxd*2-bxdxe+axe”2)) +
1/ (2*d* (q+1) * (cxd*2-bxdxe+axe”2) ) xInt [ (d+exx”~2) A (q+1) /Sqrt[a+bxx*2+cxx"4] *
Simp[axe”2x (2xq+3) +2xdx (Cxd-bxe) x (q+1) -2xex (Cxd* (q+1) -bxex (q+2) ) *x*2+C*xe€"2x (2xq+5) *x"4,X] ,x] /3
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && ILtQ[q,-1]

Int[ (d_+e_.*x_"2)"q_/Sqrt[a_+c_.*x_"4],x_Symbol] :=
-e"2xX* (d+exx"2) ~ (q+1) *Sqrt[a+cxx”4]/ (2xdx (q+1) » (cxd”2+axe”2)) +
1/ (2*%d* (q+1) * (cxd*2+axe”2)) xInt [ (d+exx”~2) ~ (q+1) /Sqrt[a+cxx 4] »
Simp[axe”2x (2xq+3) +2xCxd 2% (q+1) -2xexCxd*x (q+1) *x*2+C*xe”2x (2xq+5) *Xx*4,X] ,X] /5
FreeQ[{a,c,d,e},x] && ILtQ[q,-1]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

dx whenb?-4ac#0 A cd’-bde+ae?#0

Va+bx?+cx?*
2. j—

(d+ex2)2

1 JVa+bx2+cx4

dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd>-ae?=0 A §>0
(d+ex2)2

Derivation: Piecewise constant extraction

<d+e Xz) e? (arbx?+cx*

. c (drex?)?
Basis: 9y A
v a+b x?+c x*
Rule1.2.2.3.7.22.1:1f b*-4ac+0 AN cd’*-bde+ae’#0 A cd’-ae*=0 A $>0,letq-
c (d+ex2) e? (a+b x?+c x*
Va+bx?+cx* c (drex?)? L 2cd-be
—Zdlx — E111pt1cE[2ArcTan[q X], —]
(d+ex?) 2de?qVa+bx?+cx? cd

Program code:

Int[Sqrt[a_+b_.*x_"2+c_.*x_"4]/(d_+e_.*x_"2)"2,x_Symbol] :=
With[{q=Rt[e/d,2]},
cx (d+exx”2) »Sqrt[ (e”2* (a+bxx*2+c*x"4)) / (c* (d+exx"2)"2) ]/ (2xd*xe”2xq+Sqrt [a+b*x*2+c*x 4] ) *
EllipticE[2#ArcTan[q#x], (2xC+d-bxe) / (4xcxd)1] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && EqQ[cxd~2-axe”2,0] && PosQ[e/d]

€
d

, then
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

a+bx +cx*
% e
d+ex

dx whenb?-4ac#0 A cd?-

b

de+ae?#0

Derivation: Algebraic expansion, integration by parts and algebraic expansion

Basis: —— .. —f=x 1
’ (d+exz)2 2d (d+ex1)2 2d (d+ex?)
.. —d-ex?
(d+ex2)2
Basis; a=<x _, el{d-ex) _cd-ae
d+e x? e? e? (d+e x?)

Rule 1.2.2.3.7.2.2.2: If b?

Program code:

Int[Sqrt[a_+b_.*x_"2+c_

Va+bx?+cx?
— dx

(d+ex2)z

xVa+bx?+cx*

2d (d+ex?)

—

~4ac+0 A cd?-

1
2d

1

" 2d

bde+ae?+0,then

(d-exz)Va+bx2+cx4 1 ~rVa+bx?2+cx?
dx+ — | —dx
(d+ex2)2 2d d+ex?

J (b+2cx)
dx
(d+ex?) Va+bx*+cx?

—

xVa+bx?+cx* c

2d(d+ex2) +2d

1 Va+bx?+cx*

+ — | ————dx
2d d+ex?

xVa+bx?+cx* 1 J\ a-cx*
(d+ex)

2

d-ex cd? - ae?

X*xSqrt[a+bxx"2+c*x"4]/ (2xd* (d+exx"2)) +

c/ (2xdxe”2) *xInt[ (d-exx”"2) /Sqrt[a+b*x"2+c*x*4],x] -

(cxd”"2-axe”2) / (2xdxe”2) *Int[1/ ( (d+exx"2) xSqrt[a+b*x*2+c*x"*4]) ,x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] &% NeQ[cxd*2-bxdxe+axe”2,0]

.
2d (d+ex?) 2de?

J

dx -

dx

2YVa+bx?+cx?

2
Va+bx?+cxt 2de

.xX_"4]/(d_+e_.*x_"2)"2,x_Symbol] :=

J 1
(d+ex2) Va+bx?+cx*

dx
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

Int[Sqrt[a_+c_.*x_"4]/ (d_+e_.*x_"2)"2,x_Symbol] :=
xxSqrt[a+c*x”4]/ (2xdx (d+e*xx"2)) +
c/ (2xdxe”2) xInt[ (d-exx”"2) /Sqrt[a+cxx 4] ,x] -
(cxd™2-axe”2) / (2xdxe”2) xInt[1/ ( (d+exx"2) *Sqrt[a+c*x"4]) ,x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"*2+axe”2,0]

3: J(d+ex2)q (a+bx®+cx*)Pdx whenb®-4ac#0 A cd’-bde+ae’#0 A qezZ A p+§ez

Derivation: Algebraic expansion
Note: Need to replace with a recurrence!

Rule1.2.2.3.7.2.3:1f b>-4ac+0 A cd’-bde+ae?+@ AqeZ A p+Lez, then

2
ExpandIntegrand [ (d+ex?)9 (a+bx?+cx?) ‘“;, x]
J(d+ex2)q(a+bx2+cx4)pdlx—>J dx
Va+bx?+cx*

Program code:

Int[(d_+e_.*x_"2)"q_=(a_+b_.*x_"2+c_.*x_"4)~p_,x_Symbol] :=

Module[ {aa,bb,cc},

Int[ReplaceAll [ExpandIntegrand[1/Sqrt[aa+bbxx*2+cc*x"4], (d+exx"2)~q* (aa+bbxx*2+ccxx"4) " (p+1/2),x], {aa»a,bb-b,cc»c}],x]1] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd*2-bxd+e+axe”2,0] && ILtQ[q,0] && IntegerQ[p+1l/2]

Int[ (d_+e_.*x_"2)"q_* (a_+C_.*X_"4)"p_,x_Symbol] :=

Module[ {aa,cc},

Int[ReplaceAll [ExpandIntegrand[1/Sqrt[aa+ccxx*4], (d+exx"2) *qx (aa+ccxx"4) " (p+1/2) ,x], {aa»a,cc»c}],x]] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"2+axe”2,0] && ILtQ[q,0] && IntegerQ[p+1/2]

1
S.J dx whenb?-4ac#0 A cd’-bde+ae?#0
Vd+ex? Va+bx®+cx?
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p
1

1.\[
Vd+ex? Va+rbx2+cx*
1

1:J
Vd+ex? Va+bx2+cx?

dx whencd-be==0

dx whencd-be==0 Aa>0 Ad>0

Rule1.2.2.3.8.1.1:ff cd-be =0 A a>0 A d > 0,then

1 1 Lo . e bd
dx — —ElllptlcF[ZArcSm[ -— x], —]
Vd+rex2 Va+bx?+cx? d 4ae

2«/5_«f5'\/tgg

Program code:

Int[1/ (Sqrt[d_+e_.xx_"2]*Sqrt[a_+b_.xx_"2+c_.*x_"4]),x_Symbol] :=
1/ (2xSqrt[a]+Sqrt[d]*Rt[-e/d,2]) »E1lipticF [2«ArcSin[Rt[-e/d,2] xx],bxd/ (4xaxe) | /;
FreeQ[{a,b,c,d,e},x] & EqQ[cxd-bxe,0@] &% GtQ[a,0] && GtQ[d,0]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

1
Z:J-
Vd+ex? Vasbx®+cx?

dx whencd-be=90 A - (a>0 A d>0)

Derivation: Piecewise constant extraction

a+b x?+c x* d+e x?
. a d
Basis: Oy ==

vJdrex?2 Vatb x2+c x4 -

Rule1.2.2.3.8.1.2:1f cd-be =0 A - (a>0 A d>0),then
d+e x? a+b x*+c x*
J 1 \/ d \/ a J 1
dx — dx
Vd+ex? Va+bx®+cx4 Vd+ex? Va+bx®+cxt \/ . 2\/ b 5 o4
1+ =X 1+;X + X

Program code:

Int[1/(Sqrt[d_+e_.xx_"2]*Sqrt[a_+b_.x*x_"2+c_.*x_"4]),x_Symbol] :=
Sqrt[ (d+exx”2) /d] *Sqrt[ (a+bxx"2+cxx"4) /a]/ (Sqrt[d+exx"2] xSqrt[a+b*x"2+c*X"4])
Int[1/ (Sqrt[l+e/d*x 2] xSqrt[1+b/axx*2+c/a*x"4]),x] /;
FreeQ[{a,b,c,d,e},x] && EqQ[cxd-bxe,0] && Not[GtQ[a,0] && GtQ[d,0]]

1
2:j dx whenb?-4ac#0 A cd’-bde+ae?#0
Vd+ex? Varbx?+cxt

Derivation: Piecewise constant extraction

Basis: Oy Nerevale (%]
+e X



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

X2 fer et
Basis: Oy Ny
Note: The resulting integrand can be reduced to an integrand of the form — 1C+b — using the substitution
X %

Rule1.2.2.3.8.2:If b2-4ac+0 A cd>-bde+ae? #0,then

e
|o

+

~

X

dx

a J 1
dx
Vd+ex? Vasbx2+cx? Vd+ex2 Va+bx®+cx? p
3 e+ C +

x3\/e+%\/c+
1 X X
\J\ -

><b Im

Program code:

Int[1/(Sqrt[d_+e_.xx_"2]*Sqrt[a_+b_.xx_"2+c_.*x_"4]),x_Symbol] :=
x*3xSqrt[e+d/x"2] *Sqrt[c+b/x*2+a/x"*4] / (Sqrt[d+e*x”*2] *Sqrt[a+b*Xx"2+c*X"4]) %
Int[1/ (x*3%xSqrt[e+d/x"*2]xSqrt[c+b/x"2+a/x"4]),x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0]

Int[1/(Sqrt[d_+e_.*x_"2]*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
x*3xSqrt[e+d/x"2] xSqrt[c+a/x"4]/ (Sqrt [d+exx"2] xSqrt[a+cxx"4])
Int[1/ (x"*3xSqrt[e+d/x"2]*Sqrt[c+a/x"4]),x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"*2+axe”2,0]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

dx whenb?-4ac#0 A cd’-bde+ae?#0

Va+bx?+cx*
9. j—

Vd+ex?
Va+bx?+cx?
——  —dx whencd-be=0
Vd+ex?
Va+bx?+cx*
——— dx whencd-be==0 Aa>0 Ad>0
Vd+ex?
Rule1.2.2.39.1.1:If cd-be =0 A a>0 A d>0,then
Va+bx?+cx* e
— dx —— EllipticE [2 Ar'c51n[ -
Vd+ex? d 4ae
2NF_4[

Program code:
Int[Sqrt[a_+b_.*x_"2+c_.xx_"4]/Sqrt[d_+e_.xx_"2],x_Symbol] :=

Sqrt[a]/ (2#Sqrt[d]*Rt[-e/d,2]) *E1lipticE [2+ArcSin[Rt[-e/d,2] xx],bxd/ (4xaxe)]| /;
FreeQ[{a,b,c,d,e},x] & EqQ[cxd-bxe,0] &% GtQ[a,0] && GtQ[d,0]

a+bx +ox?
2: j dx whencd-be=0 A - (a>0 A d>0)

Vd+ex?
Derivation: Piecewise constant extraction

VarbxZrcxt [ 4
Basis: Oy =0

/d+e X2 a+b x2+c x*
A/ a

Rule1.2.2.39.1.2:If cd-be =0 A -~ (a>0 A d>0),then
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

2
5 n Va+bx?+cx* deex’
Va+bx?+cx d
— dXx

\/1+—x +—x
— dx
Vd+ex? ' s s J
A/ 2 a+bxT+e x®
d+ex -

Program code:

Int[Sqrt[a_+b_.*x_"2+c_.*x_"4]/Sqrt[d_+e_.xx_"2],x_Symbol] :=
Sgrt[a+b*x"2+c*xx"4] xSqrt[ (d+exx"2) /d]/ (Sqrt[d+exx"2] *Sqrt[ (a+b*x*2+c*x"4) /a]) *
Int[Sqrt[1+b/axx*2+c/axx"4]/Sqrt[1l+e/d*x"2],x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[cxd-bxe,0] && Not[GtQ[a,0] && GtQ[d,0]]
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

a+bx +cx?

Vd + e x?

dx whenb?-4ac#0 A cd’-bde+ae?#0

i

Derivation: Piecewise constant extraction

x e+
Basis: O ==
x A/ d+re x2

. . 2 4
Basis: 8, Yasbxlicx® __ g
b a

2 o . a
X C+x2+x4

1

Note: The resulting integrand can be reduced to an integrand of the form

Rule 1.2.2.3.9.2:1f b>-4ac+0 A cd*-bde+ae?+0,then

4[ e+—f§ Va+bx?+cx* ‘Jﬂ
Vd+ex? 4' % %

~|°'
>h

Va+bx?+cx*
— dx —
Vd+ex?

dx

Program code:

Int[Sqrt[a_+b_.*x_"2+c_.*x_"4]/Sqrt[d_+e_.xx_"2],x_Symbol] :=
Sgrt[e+d/x"2] xSqrt[a+bxx*2+cxx"4] / (Xx*Sqrt [d+exx"2] xSqrt[c+b/x"2+a/x"4]) *
Int[ (x*xSqrt[c+b/x"2+a/x"4]) /Sqrt[e+d/x"2],x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] &% NeQ[cxd*2-bxdxe+axe”2,0]

Int[Sqrt[a_+c_.*x_"4]/Sqrt[d_+e_.xx_"2],x_Symbol] :=
Sqgrt[e+d/x"2] x*Sqrt[a+c*xx"4] / (x*Sqrt[d+exx"2] xSqrt[c+a/x 4])
Int[ (x*xSqrt[c+a/x"4]) /Sqrt[e+d/x"2],x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0]

erdx Vcrbx+ax?

using the substitution



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

10: J(d+ex2)q (a+bx*+cx*)Pdx whenb?-4ac#@ A ((p|q) €Z V pez'V qez*)

Derivation: Algebraic expansion

Rule1.2.2.3.10:If b>-4ac+@ A ((p|q) €Z V peZ VvV qeZ'),then

J(d+ex2)q (a+bx®+cx*)Pdx — JExpandIntegr‘and[(d+ex2)q (a+bx®+cx*)?, x] dx

Program code:

Int[(d_+e_.x*x_"2)"q_=(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx"2) *q* (a+bxx"2+c*x*4) *p,x],x] /;
FreeQ[{a,b,c,d,e,p,q},x] & & NeQ[b"2-4xaxc,0] && (IntegerQ[p] && IntegerQ[q] || IGtQ[p,0] || IGtQ[q,0])

Int[(d_+e_.x*x_"2)"q_=(a_+Cc_.*X_"4)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx"2) ~q* (a+cxx"4) *p,x],x] /;
FreeQ[{a,c,d,e,p,q},x] && (IntegerQ[p] && IntegerQ[q] || IGtQ[p,@])
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Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

11: j(d+ex2)q (a+cx*)Pdx whencd?’+ae’#@ A p¢Z A qez”

Derivation: Algebraic expansion

Basis: If g € Z,then (d+ex?)? = ( d___ _ex )-q

d2-e? x*  d*-e?x*

Note: Resulting integrands are of the form x» (a+bx*)? (c + dx*)® which are integrable in terms of the Appell
hypergeometric function .

Rule1.2.2.3.11:If cd’+ae?+@ A p¢Z A qeZ,then

d 2 q
j(d+ex2)q (a +cx4)pd1x — j(a+cx4)pExpandIntegr‘and[[d2 oty - dzfzz x4] » X] dx

Program code:

Int[(d_+e_.*x_"2)"q_=(a_+C_.*Xx_"4)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (a+c*x"4)"p, (d/ (d*2-e*2xx"4) -exx"2/ (d*2-e"2xx"4) )" (-q) ,X],X] /;
FreeQ[{a,c,d,e,p},x] & & NeQ[cxd*2+axe”2,0] && Not[IntegerQ[p]] && ILtQ[q,0]

u: J(d+ex2)q (a+bx2+cx4)pdlx

Rule 1.2.2.3.U:

J(d+ex2)q (a+bx2+cx4)pdlx — J(d+ex2)q (a+bx2+cx4)pdlx

Program code:

Int[(d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"~p_.,x_Symbol] :=
Unintegrable[ (d+exx"2) Aq* (a+bxXx*2+c*x"4) *p,x] /;
FreeQ[{an,ch,e.’p,q}Jx]



Rules for integrands of the form (d+e x~2)"qg (a+b x"2+c x"4)"\p

Int[(d_+e_.*x_"2)"q_.*(a_+C_.*x_"4)"p_.,x_Symbol] :=
Unintegrable[ (d+exx"2) Aq* (a+CxXx*4) *p,x] /;
FreeQ[{a,c,d,e,p,q},X]



